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ARITHMETICAL PROPERTIES 
OF THE SEQUENCE OF EXPONENTS 
The  properties of the function f ( ~ )  represented by the 
series ( 1 )  depend on both sequences { A , )  and {u , ] .  The 
properties of {A,) which are mostly involved in the modern 
theory of Dirichlet series, are of two different kinds: a) the 
arithmetical character of the sequence; b) the growth of 
the number N ( t )  of quantities X, smaller than t as t tends to 
infinity. 
We shall begin with some theorems on Dirichlet series 
in which the X, have simple arithmetical properties. 
Let us begin by studying a certain analytical transforma- 
tion. 
In  the z-plane we define the region A ( a ) ,  (a>O) as fol- 
lows: the frontier C(a) of A ( a )  is composed of the segments 
and the curve 
(19) x =  -asin2($), 
4(a)  containing the positive real axis. A ( a )  contains there- 
fore also the points with x >0, y = ( 2 k  + l)n, and all the points 
with y # ( 2 k + l ) n ,  x >  - a s h z ( $ ) .  
I n  the s-plane, ( ~ = u + i t ) ,  we define the region D(X) 
(O<h<i)  as the region containing the real positive axis 
of which the frontier is the curve L(X) given by 
173 
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a=X sin2 ( t -  [p), 
t 1 where [ a ]  denotes the integer nearest t o  a (if - = n  +- 
21r 2' 
where n is an integer, [&I can be taken equal as well to  
n as to  n+ l ,  since the value of Q in (20) remains then the 
same). Each point of L(x )  is clearly a t  a distance not greater 
than - x from the t-axis; only the points (i, (2n+l)lr) of 
2 
x 
2 
Let us set, for z E A ( a ) :  
L(X) are a t  the distance - from this axis. 
(21) 
with log(1 +e-.) >0, (x > O ) ,  the function log(l +e-.) being 
defined for other points of A ( a )  by continuity. 
LEMMA 11. I j  O < x < - ,  there exists a positive a such that 
s =cp(z) -z-log(1 +e-) +log 2, 
1 
2 
;f z E A ( a ) ,  then J = c p ( ~ )  e D(X). 
on D(X).  We have: 
We prove first tha t  the points satisfying (19) are mapped 
1 +ea sin2 ( 2 ) - i y 1 2  ' = 1 + 2 e a S i n 2 ( 9  (-0s y +e 2 4  s in2G)  
( a  sin2 (!)) 
0 n !  0 n !  
=2(1+cos y)+asin2 ( g ) . ~ ( a , y ) ,  
where A(a,y)  is given by a series which converges uniformly 
when 0 <CY sal, - < y  < a, a1 >O being any fixed quan- 
t i ty;  and thus, for 0 <a! <al, IA(a,y)  I <M < 00. Hence, 
t o  every E > O  there corresponds an a ( € )  such tha t  for 
0 < a  <a(€) :
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64-4(1 -e )  sin? 
1 
2 Hence if X <X' <-, we have for a sufficiently small: 
and 
(22) logI l+e  
a einZ($) --iy 
S log  2 -Atsin? ($). 
If now z satisfies (19) we have for J =u+i t  =cp(z) : 
a sinZ($) -iy 
u =c(y) = -CY sin? I +log 2, 
and if CY is sufficiently small, we have by (22): 
(23) u=u(y) 2 - a s i n ?  
On the other hand, we have for all y :  
a sinZ($) - i y  
(24) (Arg(1 +e  )) 6(Y), 
where (u) = I u - [e] 27rl. And, since, if J =cp(z) =cp(x+iy), 
t =y -Arg(l +e-*) 
(0 5 (Y) +(ArgU +e-z>), 
we see by (24) that  ( t )  52(y), that  is t o  say, 
and 
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It follows now from (23) that  if z satisfied (19) and if 
J = p(z) then : 
( 2 5 )  u ZX sin2 -["2r), 
tha t  is t o  say, if z satisfies (19) with a>O sufficiently small: 
a sao, then s =cp(z) E D(X). -
a sinz($) --iy 
Let us remark tha t  I l + e  1 (with y fixed), de- 
creases as a decreases to  - 00.  Therefore ( 2 2 )  and ( 2 3 )  
hold also if z satisfies (19) with - m <asa0 .  Since (24) is 
true for each fixed value of a, we see tha t  ( 2 5 )  with the sign 
> is true for s=&) where z is any point of A ( a O )  (open). 
We have thus proved that  if z E A ( a o ) ,  then s E D(X), which 
is the statement which was to  be proved. 
We now prove the following theorem [8] : 
THEOREM XI. If f(s) is holomorphic and bounded in a 
1 region D(X) with 0 <A <-, $ f o r  u suficiently large 2 
1 
where the sequence { A n i  is  such that for no couple of two in- 
tegers n, m(n#m)  is  A,-X, a n  iiiteger and ij clj< 00, then 
the  sequence { a n ]  i s  bounded. 
If we write J =p(z) =z-log(1 +e-.) +log 2 ,  we get from 
the relationship : 
u2 
(1 + e - s ) h  = T,(?")e-?"5 
0 
where iy(z)  = x  >O,  and where: 
the equality : 
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Here { p , )  is a sequence of positive numbers tending to  
infinity and is such that  t o  each r there corresponds a posi- 
tive integer n and a non-negative integer m such that  
p r = X n + m .  Since we suppose that  no two A,, differ by an 
integer, to  each r there corresponds only one such couple 
(n,m).  We shall show tha t  the last series in (26) converges 
absolutely for x sufficiently large, which means that  the 
double series in this equality converges absolutely, since 
bYe-k.” ,an T(”l)e-(b+”’)x (27) 2b It 
where n and m are the two unique integers which correspond 
to  r. 
Since 
X,-m+l 
m 21, 
if, and only if, rash*, we see tha t :  
where E(c) denotes the largest integer not larger than c. 
It follows from (28) that, on setting 
(the left-hand inequality having a meaning when A,, I 1). 
But if a, p, with a>@, are two integers tending to  infinity, 
then 
and if a=2p+0(1 ) ,  p + w ,  then 
acL -a log 2 =0(1). log P B ( ~  - p)a-@’ 
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Thus there exist two positive constants M I ,  M z  such that  
It follows then from (27) and ( 2 8 )  that, if r = r ( n )  is such 
tha t  p r = X , + B  (T)? X n f l  then 
Moreover by ( 2 6 ) :  
The last series converges for x >  max (0;4): 0), hence 
b,e-I*e has an abscissa of absolute convergence ( <  w ) .  
By Theorem IX we may therefore write: 
where F(z) = b,e-**, and where x1 is sufficiently’ large. 
By Lemma 11, sincef(r) is holomorphic and bounded in 
1 
2 some region D(X) with O<X<-, F ( z )  is holomorphic and 
bounded in A ( a )  where a>O is chosen sufficiently small. 
in the z-plane composed of segments 
On denoting, for r sufficiently large, by C,(a) the curve 
(33) 
and the curve 
(34) 
y=(2K+l ) .R  
-a+- 5 x 5 0 ,  1 
Pr 
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we see, by an immediate application of Cauchy's theorem, 
tha t  from (32) follows the equality 
(35) 
where Cr(a ,  T )  is the part of the curve C,(a) which begins 
a t  the point (k, 0) and ends a t  the point with ordinate 
T,  the segments of form (33) with 0 < ( 2 k  +l )n  < T,  which 
therefore belong to  Cr(a, T ) ,  being counted twice, first run- 
ning from (-a+-, (2k+ l )n  to  (0, (2k+l )n)  and after- 
wards in t h e  opposite sense the direction on Cr(a,  T )  is 
(i , 0)). Formula defined by the fact tha t  it begins a t  
(35) follows from the fact tha t  the integrals of F(z)e f iZ  over 
the two segments and the segment with 
t = T situated between C,(a) and the line x = x l  are bounded.' 
) 
( 
1 
P r  
--Sx sxl, t = O  
C r  1 
It follows then from (35) tha t  
where i'l4 is a positive constant. We have thus:  
For every fixed r sufficiently large, we choose 7 such tha t  
1 2 - <assin2 3 < -, and write 
P r  2 Pr 
'On the two sides of the segments of form (33) F(z )  is defined by continuity from 
its values in A(a). It is obvious that,  for z = ( Z k + l ) r i ,  F(:) should be taken equal 
to l imf(s)=al  lim E - - X ~ S ( = O  if X1>0, =ul if X1=0). This definition by continuity 
is possible since if z in A(a) tends to a point of a segment (33) then s=(~(z)  tends 
either t o  a point of A(X) or to  + m. 
# = O D  n =  01 
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'e-uprsin2($) d y  + / i  e - a , u r s i n 2 ( ~ )  2 d y  ) . (1 d ?  -upr sin2(;) d y  < I" 
The first of the integrals on the right hand is smaller than 7. 
For the second integral we have the immediate estimate : 
L 
It follows thus from (36) that  
I b r l  =o(7), 1
P r  
X,+1 and if r =r(n) ,  tha t  is t o  say, if P,.=X,~+E (T), then 
From (31) it follows then tha t  l a n ]  is bounded ( n 2 1 )  
and our theorem is proved. 
We shall now recall a definition concerning sequences. 
The  elements of a sequence { p , )  ( n z l )  are said to  be 
linearly independmt  if from each equality of the form 
where the A ,  are integers, it follows that  all these integers 
are equal t o  zero. 
We are now in a position to  prove the following theorem: 
THEOREM X I .  If f(r) ir holomorphic in a region D(X), 
1 
2 with  0 <X <-, and if, for u ruficiently large, 
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where uAf< 0 0 ,  where the sequence {A,] i s  such that the se- 
quence composed of all the X, and  u n i t y  is composed of linearly 
independent elements, and  if there exist a conjtant a#O and 
a positive quantity E such that in D(X) : 
(3 7) 
then la1 > E ,  nnd 
(38) l a n [  ~ l a l  - E ,  ( n Z 1 ) .  
IfW --a I > E ,  
Consider the function F ( s )  = ~ If u >uAf we have 
a --f(J)' 
in D(X) : 
Ij(s)l  < Ia,Ie-Xmu=e-X1uC [a,le-(Xn+)", 
and since, obviously, XI $0, we see tha t  lim f ( ~ )  = O  uni- 
formly with respect t o  t. This proves tha t  la1 > E ,  and that  
the function F ( s ) ,  which is obviously holornorphic and 
bounded in D(X), is also given for u sufficiently large (such 
tha t  C 1 an I < I a I )  by the equality : 
u = w  
where the sequence { Lk} of non-negative, increasing quan- 
tities tends to  infinity. Since each Lk is of the form 
Lk=AlXl+AzAz+ . . * + A m X m ,  
where the Ai are integers, we see, by the hypothesis on the 
sequence {A,,], that  if k l # k z ,  Lkl-Lk2 is not an integer. 
By Theorem XI we see then that  there exists a constant 
A4< co, such that  IC i l  < M ( k 5 0 ) .  On the other hand, it 
is readily seen that  the sequence (Lk}  contains all the quan- 
tities of the form mAn, where m and n are arbitrary positive 
integers, and that  if Lk =mA, then C, =g1. Therefore for 
n arbitrary, fixed, and for every positive m we have: 
am 
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and 
m + 1  I 
lanl < l a / ?  ME ( m 2 1 ) .  
Hence 
In  this inequality [ a /  can be replaced by ( a [  --e, since 
from If(s) -a1 > E  in D(X) it follows immediately that,  if 
a = I a I eip, then, for each 0 < 8 < 1, 
If(.) - ( 1 a I - &)eip [ > (1 - e)€ 
in D(X),  and therefore, in what precedes I a I can be replaced 
by la1 - e € .  Tha t  is t o  say, we have junl s l a [  - B e ,  and 
since e has only to  satisfy the inequality 0 < e < 1, our theo- 
rem is proved. 
Theorem XI1 may also be stated as follows: 
THEOREM XIII. If the sequence {An!  satisfies the same 
conditionr as in Theorem X I I ,  i f  f(s) i s  holomorphic in 
D(X), O < X < -  and i s  given for u suficiently large by  
f ( ~ )  =
( :> 
une-xns with  a A f <  co, and ;f 
A=l. U. b . / u l L I ,  
then the values which f(s) takes when s E D(X) are everywhere 
dense in the circle wi th  radius  A around the origin. 
Theorems XI and XI1 were proved by the author [9]. 
They bear a character analogous to  that  of the well known 
theorem of Weierstrass by which an entire function takes 
values everywhere dense in the whole plane. A sharper form 
of Theorem XI11 was later given by Aronszajn [1,2]. This 
author, on using Theorem XI1 and the modular function, 
obtained a theorem which is in character analogous to  
Picard’s theorem on entire (or meromorphic) functions, by 
which each such function takes all the possible values 
except a t  most one finite value (two for meromorphic). 
tzg1 
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Aronszajn's theorem can be stated in the following manner: 
THEOREM XIV. If the sequence { A n }  satisfies the same con- 
ditions as in Theorem X I I ,  if f(s) is halomorphic in D(X) 
wi th  0 < X  <$ and is given f o r  u suficiently large by 
wi th  u,f < w ,  then f(5) takes in D(X) all the possible valuer 
situated in the circle wi th  radius  A =CIu,j except at most 
the value zero and one other value. 
If a # b  then it is known [15] tha t  there exists, in the 
complex plane a function x(u) with the following properties : 
a) x(u) is regular a t  the origin and is therefore given, in its 
neighborhood, by x(u) =E Anun, p)  x(u) can be continued 
analytically on each curve which does not pass through a 
or b, the  points %=a,  u = b  being branch points for ~ ( u ) ,  
r) I x(u) I <1, 6) obviously 
00 
1 
1 1 
m i n ( l a ) ,  I b I ) = c '  
1 
lim sup I A ,  1; = 
* = *  (39) 
Suppose now that,  contrary to  the assertion,f(s) does not 
take two values a, b,  such tha t  a # b ,  a#O, b#O, l a /  <A,  
Ibl < A ,  and let us consider the function F(r) = x [ f ( r ) ] ,  
where x ( u )  is the function defined above. F(5)  is holomor- 
phic in D(X).  If 6' is chosen such as to  have C I a, I <c, 
we see that  C I A, I ( I a, I converges, and therefore 
F ( r )  is given for u sufficiently large by a Dirichlet series: 
In 
F ( s )  =E A m ( f ( r ) ) n  
=CAn n !  , ( a l l ) m i .  . . ('al,)mpe-S(mixli$'..fm,xz,) 
, m l + . . . + , , + ~ n m l ! ~ ~ ~ m , .  
1 s <  w 
i - 1 . 1 ,  ..., 
= c k e - L k s ,  
which admits an abscissa of absolute convergence. We have 
in D(X) : I F ( r )  1 < 1. Here, as in the proof of Theorem XII, 
we have Lkl -Lkz #integer, and, by Theorem XI, we should 
have Ickl < M <  w ( k L 1 ) .  But, if L ~ = m ~ X ~ l + ~ ~ ~ + m , X ~ D ,  
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Let p and 11, Zp be fixed, and let us take p 
constants : al, cy2, . . e ap with C ai = 1, and, for each P 
1 
positive 
positive 
integer n, let us set mj=E(naj)( l  sjsp-1), m,=n- 
E m j .  Then, by Stirling's formula, P -1 
1 
lim Jml, n !  
= a - m 1 .  * .ap-%, 
n = m  . Sm,! 
and by (40): 
(41) 
(y, -n1 . . . cyp -an 1 a), I a . . . I alp J OlP 5 =c=min([al,[bl). 
This is seen on putting in (40) n =ni  where { nil is such that  
lim I A,, [ ii =lim sup I A, 1 n, and on making i tend to  infinity. 
Since we can suppose that  the a, are all distinct from zero 
we shall put: 
1 
lim sup 1 A, I 
1 1 
i s m  
Ial,I + a * . +  /al,I Smin ( l a / ,  l b l ) ,  
and since the Z j  are arbitrary we shall have 
which gives a contradiction. 
Aronszajn proves even more general theorems, consider- 
ing meromorphic functionsf(s), and the elementary methods 
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which we just used are susceptible of furnishing results [ 11 
which contain as particular cases many theorems of H. 
Bohr [ 11 concerning almost periodic functions of a complex 
variable. It is not, however, our intention to  explore here 
any farther this interesting and important field. 
Obviously Theorem XIV is more precise than Theorem 
XIII, but we thought it useful to  prove both, since, although 
Theorem XIV is, likewise Theorem XIII, based on Theorem 
XI, the passage from Theorem XI to  Theorem XI1 or XI11 
is still elementary, whereas the use of the modular function 
is necessary for the passage from Theorem XI to  Theorem 
XIV. 
It is of course impossible to  have the conclusions of either 
Theorems XI, XI1 (or XIII) and XIV without specific 
hypotheses on the sequences {An}. For instance, the prin- 
cipal branch offi(s) = ( - 1)7vze-ns is bounded in D(X) with 
(D 
1 
an arbitrary X 0 <X <- , u.2, =0, and yet the I a, I are not ( $ 
m 
bounded. The principal branch of f2(s) = C ( -  l ) n e - n s  is 
also bounded in D(X), a;lf*=O, 1. u. b. /ant =1 and yet the 
values taken byfi(r) not only in D(X) but even in the half- 
plane u > O  do not penetrate the part of the circle IuI <1 
1 
with S(U) hi 2’ 
